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Considering simultaneously the equations of motion of the physical system 
and of the non-physical adjoint system, we introduce a general form of Noether’s 
theorem by constructing a “dual Lagrangian” functional with a corresponding 
invariant of motion which preserves its value along the trajectories of combined 
physical and unphysical systems. The statement of invariance of this func- 
tional reduces to the classical statement of Noether’s theorem if the system is 
self-adjoint; some possible generalizations are indicated. Applications to con- 
tinuum mechanics are discussed within the framework of Noble’s dual varia- 
tional formulation. 
0. INTRODUCTION 
A classical form of Noether’s theorem (see [IS]) concerns the invariance of a 
variational functional with respect to a K-parameter continuous group of trans- 
formations. We shall recall the basic formulation of [18] when the variational 
functional is identified with a Lagrangian integral of the form 
i = 1, 2 ,..., n, y  = 1,2 ,..., m; i.e., only the first-order derivatives occur in the 
integrand. Obviously this is not a serious restriction, and higher order derivatives 
are easily taken care of by an extension of the arguments given, for example, in 
the expository monograph of Logan [14], or in the article of Ibrahimov [8]. 
We introduce a K-parameter (el , Ed ,..., EJ continuous group Gk of trans- 
formations 
x’ = .f(x, y, E), 
Y’ = g(x, y, e); 
* This research was partially supported by NSF Grant Eng. 77-19967. 
t Permanent address: Mathematics Department, University of West Virginia, 
Morgantown, W.V., 26506. 
251 
0022-247X/80/050251-19$02.00/0 
Copyright 0 1980 by Academic Press, Inc. 
AU rights of re production in any form reserved. 
252 VADIM KOMKOV 
I.e., x ‘i =fi(x, y, E~ , Ep ,..., Q), i = 1, 2 ,..., n, y’j = gj(x, y, E1 , c2 ,..., Q.), i == 
1, 2 ,..., m, satisfying the condition 
f’(X, y, 0) = xi, 
gyx, y, 0) = yi. 
(0.3) 
The group G, is required to leave the Lagrangian integral invariant, that is, 
!], -qx, Y, yx) dw = j-,, 2(x’> Y’, Y:,) dw’, (0.4) 
where dw’ = J(x’/x) dw, J(x’/x) denoting th e J acobian of the transformation. 
The infinitesimal generators of the transformation are defined by 
f,i(x, y) = l&l g Qyx, y) = lii g. 
r s 
We define the directional derivative operator 
a a a 
4 = "xi + y:i ayi -t y:ic arr,, i :--: 1, 2 ,..., n, 
and following Eisenhart [7], the infinitesimal transformation operators are 
defined by the form 
(summation convention is tacitly assumed). 
Ibrahimov [g] effects some economy in notation and arguments by writing the 
infinitesimal transformation operator in the form 
An infinitesimal variation of the Lagrangian integral is given: 
X,(2 dw) = 0. (0.5) 
Denoting Frechet derivatives of the Lagrangian integral by SI,/Syj, where, in 
our case, 
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we follow the formal presentation of Ibrahimov obtaining the following form of 
Noether’s theorem: 
(qr - YljLq $ + WC) = 0, r-l,2 )...) k, 
Furthermore the following equalities determine k-invariants of motion of the 
systems 
D&4>) = 0, 
provided SI&yj = 0, j = 1, 2 ,..,, m. 
r = 1) 2 ,..., k, (0.7) 
A slightly more general form, involving multiple integrals, exists in the 
literature (see [13]). 
Before commenting on numerous applications of this form of Noether’s 
theorem, let us state its limitations. It is generally assumed that the equations 
of motion correspond to the vanishing of the Frechet derivative of the functional 
1o , tacitly implying the Frechet differentability of In, the actual motion of the 
system corresponding to the generalized Euler-Lagrange equations. Of course a 
treatment using the Hamilton- Jacobi theory may be substituted. This approach 
to Noether’s theory can be found in the monograph of Rund [20]. A more 
modern version of Noether’s theorem using the concepts from differential 
geometry and topological dynamics is given in an elegant paper of Trautman 
[21]. Numerous other versions of the original statements exist (see [18]). 
Applications of the original version as given in [IS] or of slightly modified 
statements abound in the literature, starting with a widely quoted (1921) paper 
by Bessel-Hagen [3] on applications to electrodynamics, and continuing until a 
recent flood of articles on applications to Korteweg-de \‘ries waves and solution 
phenomena. See, for example, [l 51. Applications of Noether’s theorem have been 
published in almost every area of classical physics, such as modern mechanics 
[l], optics [4], hydrody namics [6j, electromagnetic theory [3], as well as quantum 
mechanics, particle physics, and relativity. Since in this article the emphasis 
will be on applications to classical continuum mechanics, references to other 
areas will be omitted. 
1. A SIMPLIFIED STATEMENT OF NOETHER'S THEOREM IN THE ONE-DIMENSIONAL 
CASE 
All generalizations are best presented in the simplest possible context and 
only then raised to the most generalized level, in the opinion of some mathe- 
maticians, including the author. Rather than attempting a complete generaliza- 
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tion-simultaneously treating the replacement of the Lagrangian by an arbitrary 
functional in n-dimensions, completely abandoning the idea of its invariance, 
replacing a single functional by at least two, and simultaneously treating the 
motion of the physical- and the un-physical-adjoint system, moreover replacing 
inner products by arbitrary bilinear forms (which is the aim of this paper) and of 
course making the whole process completely incomprehensible, even to the 
initiated readers-we shall proceed cautiously, restricting ourselves to a one- 
dimensional case, and offer first a modest generalization in which the Lagrangian 
is replaced by a functional involving two basic state- and momentum-dependent 
variables. A convenient notation which is suitable to our purpose was intro- 
duced by Desloge and Karch [5], who offered in their expository articles an 
elementary (variational) proof of the one-dimensional version of Noether’s 
theorem (with a one-parameter group G). We consider a classical system whose 
motion is determined by the Lagrangian Z(t, 4, g), where t denotes the time and 
q = @I 9 92 ,***9 qn} is the n-dimensional vector of generalized displacements of 
the system. We now introduce a single-parameter family of differentiable trans- 
formations 
T = T(t, q, 6, ~1, (l.la) 
Q = Q(t, q> 4 ~1, (- = d/dt), (l.lb) 
such that 
V, q, ho) = t, (1.2a) 
Qa(t, q, ho> = qi , i= I,2 ,...) n. (1.2b) 
We denote by 
(1.4) 
provided these limits exist. Then the theorem of Noether simplifies to the form 
K(t, q, q) = constant along any trajectory of motion. (1.6) 
(see (4) for an elementary proof.) 
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We intend to generalize this simple form of Noether’s theorem (i.e., relations 
(1.6) (1.7)) to systems whose equations of motion are not derivable from a single 
(Lagrangian) functional. While many applications of Noether’s theorem to 
continuum mechanics exist in the literature (for example, [6]), the absence of the 
classical form of the action integral in many problems of mechanics of continua 
has prevented a more widespread use of applications. In many physically 
realistic models of engineering systems the motion of the system is controlled 
by a differential equation, such that the corresponding differential operator is 
non-self-adjoint in the appropriate Sobolev space topology. The introduction 
of a single (Lagrangian) functional which determines both the motion of the 
physical system and the motion of the adjoint (non-physical) system has been 
proposed by the author in [9], utilising Noble’s theory (see [2] for a compre- 
hensive exposition). This basic theory will be used in conjunction with Noether’s 
arguments to derive some invariants of motion for a fairly general class of 
systems. Before we derive the basic one-dimensional version of our theorem, for 
the sake of clarity we shall offer a simple version of duality in the sense of Noble 
and extend Noble’s ideas to incorporate generalizations introduced by Herrera, 
and a variant of Noble’s theory suggested by the author. For original papers of 
Noble see [16, 171. For a theoretical justification of Noble’s ideas see the excellent 
exposition of Nashed in [19]. A g eneralization of Noble’s duality to a more 
abstract setting was given by Herrera and Sewell in [23]. Also see Gurtin [22]. 
This article does not contain a full exposition of Noble’s duality. Such an 
exposition is offered in the monograph of Arthurs [2]. 
2. TRANSFORMATIONS OF VARIATIONAL PROBLEMS 
The Euler-Lagrange equations in the classical form could represent a critical 
point of a map between two Hilbert spaces. Let H, and HP be Hilbert spaces 
with respective inner products ( , ) and ( , ); let T be a linear map 
T: H, -+ H, , let the domain of T be dense in H, , let T* be the formal adjoint 
of T, which is a linear map from H, to H, . Let @(q, p) be a functional of the 
form: @(p, 4) = (Tq,p) - IV@, Q), W: H, x H, -+ R. The functional W is 
assumed to be twice FrCchet differentiable. Then choosing arbitrary vectors 
4 E H, , $ E H, we can formally represent the variations of @ by the series 
CD@ + Sq,$ + Sp) = @(C&J) + S@ + P@ + o(P). This expression can be 
written in a more precise form by 
q = 4 + E[, p = $ + ET (6 a “small” positive real number), Sq = E[, Sp = ET, 
and 
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6% = - + (sp, g SP) + + (SPY (T - g %I)) 
+ + (&I, (T* - $g) SP) - ‘i- (s9, g 69) - f PI, SPl, 
(2.lb) 
where the last term satisfies the “relative smallness” condition resulting from 
FrCchet differentiability of @. 
The formalism of Noble introduces the Hamiltonian W(q,p), whose form 
is to be determined and a Lagrangian 
2 = (P, Tq) - W 
= (T*P, q) - W, 
such that the equations of the system can be written in the form 
(2.lc) 
where h = (3 is considered as a vector in the space H, @ H, . The author 
suggested in [9] that problems which are not derivable from variational prin- 
ciples in the sense of Tonti [24] can still be represented by Noble’s formalism. 
However, spaces containing the dual or adjoint displacement and momentum 
variables have to be introduced to derive a generalization of Eqs. (2.1~). Let us 
illustrate the general idea by offering a simple example. Again, to avoid unne- 
cessary complexity, we consider a familiar one-dimensional case. Consider the 
second order differential system 
nlii + p(t) ti + k(t) u =f(t), 
u(0) = G(O) = 0, 
(4 
on the time interval 0 < t < 1. Introducing a function v  E Cl[O, l] satisfying 
v(1) = d(1) = 0, we interpret Eq. (A) as the sufficient condition for vanishing 
of the FrCchet derivative of the functional Yr,, , namely, 
(2.2) 
where 
=q.&, v) = l1 [@ii + CL(t) G + K(t) u - .f(Q) v(t)1 4 (2.3) 
d%;*, = ((La - f), a). (2.4) 
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The adjoint equation 
rnC - g(p) + K(t) u = 0, 
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(B) 
with v(1) = ti(1) = 0, corresponds to the condition 
(2.5) 
Conditions (2.2), (2.5) can be written in the Euler-Lagrange form 
---$(E&o, 8% 2 
av 
and 
---~(s&;o. WI 2 
au (2.7) 
The functional (2.3) can be written in a “symmetric” form 
dq,2(4 % Z’, c, 4 = IO1 [ - mtiti + i (tivp) - u $ (pv) + /WV - f(t) v] dt. 
(2.8) 
Note. In fact the initial conditions in (A) and the final conditions in (B) 
may be written as a derivative of a boundary integral with a discrete measure 
assigned to the points 0 and 1, but for the time being, all such complications are 
deliberately avoided. 
We introduce the generalized momenta 
Pl = 
=q2(t, U, 4 V, 4 
ati ’ (2.9) 
P2 = 
a=q,,(t, u, c, ~~4 
a6 . 
(2.10) 
Conditions (2.2), (2.5) can be replaced by an equivalent system of Hamilton’s 
“canonical” equations: 
as 
~ - 1 (P,) = 0, a24 
a2r 
- - g (PI) = 0, av 
(2.11a) 
(2.11b) 
(2.11c) 
(2.1 Id) 
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where the Hamiltonian j/e is given by 
2F = p,ti $ p‘$i - Y,,z(t, u, ti, 0, q. (2.12) 
Following the original remarks of Noble [16], we comment that in a suitable 
Hilbert space setting the operators d/dt, -d/dt may be replaced by linear 
operators A, A*, A: HI --P H, , A*: Hz -+ HI while preserving formally all 
properties of the Lagrangian and Hamiltonian formalism. 
This idea will be applied directly to Noether’s theory in Section 4 of this 
paper. In the next section we shall introduce only a moderate generalization 
of Noether’s theorem, using only a simple Lagrangian, and utilizing the property 
of only a single-parameter rgoup of transformation. 
3. A SIMPLE EXTENSION OF NOETHER’S THEOREM 
We introduce a bilinear form 
such that the behavior of the physical system which we model mathematically 
is represented by the relation 
a%2 -0 6 A-, 
6V 
where _ = 
6V 
. (3.2) 
As before, u(t) is the state vector variable of the physical system, v(t) is the 
adjoint (un-physical) vector, and t represents time. 
A family of one-parameter smooth transformations is defined by equations 
of type (0.3): 
u = U(t, u, v, zi, d, E), (3.3a) 
v = V(t, 24, u, ti, d, E), (3.3b) 
T = T(t, u, w, ti, d, E), 
We require that 
u(t) = up, 24, 21, 6, d, O), (3.4a) 
v(t) = V(t, u, z1, Ii, d, O), (3.4b) 
t = T(t, 24, v, zi, d, O), (3.4c) 
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i.e., when E = 0 the coordinate systems u, w, and U, V coincide, respectively, 
and the time scales t and T are identical. 
We introduce the following additional quantities: 
(3.5) 
(3.6a) 
(3.6b) 
We shall denote by Y the “mutual Lagrangian” ZIS2(t, U, U, zi, ti) obeying the 
equations 
a9 d a9 
av- 
--= 
( 1 dt ad O9 (3.7) 
a2 
au- 
d a9 =o -- 
( 1 dt ati ' (3.8) 
which are the equations of motion of the physical system and of the adjoint 
system, respectively. We shall use the following notation: 2 will denote 
Z(T, lJ, V, 0, v, E), 0 will denote differentiation with respect to T, and . with 
respect to t. PI and Pz denote a&/&?, &@/ap, respectively. A will denote the 
Hamiltonian defined by relation (2.12) with respect to 8. The following rela- 
tions are readily established. 
T L-o = 1, (3.10) 
l.7 I&l = zi LO, (3.11) 
v LO = 7J Lo, (3.12) 
ati . 
7 ='I, I de c-0 
aY -= 
I ae F $3 
(3.13) 
(3.14) 
21 G-0 = 22 LO 1 (3.15) 
H 164 = Q LO > (3.16) 
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(3.18) 
(3.20) 
(3.21) 
(3.22) 
(3.23) 
(3.24) 
(3.25) 
in analogy with formulas (1.3) and (1.7) of Section 1 of this paper, and proceed 
to show that A - @ is an invariant of the motion of a composite system described 
by Eqs. (3.7) and (3.8). 
Denoting by (a, a) = ~~=, ti& , we compute the following expressions: 
- [(AC 7) + (P, 9 ~+>I%0 , (3.26) 
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+ <P,$> - (A, 37) - (Pz 9 5,) - (Pz 9 W 
I 
* (3.27) 
c-0 
Concelling out terms by observing that 
as. . . 
au uT = pluT (see 3.7), 
32. . . 
av vT = p2vT (see 3.8), 
we obtain after rearranging of terms 
g (A - CD) = 0. 
Hence (A - @) is constant along the joint equations of motion of both systems 
(3.7), (3.8). 
This is formalized as a theorem. 
THEOREM 1. Let 8(t, u, v, zi, it) satisfy the equations 
a9 d a9 =o --- - 
au ( 1 dt ati ' 
a9 da9 o _-- 
av dt -%- = ( 1 ’ 
(3.7) 
(3.8) 
Let a family of U, V, T be dejned by a one-parameter family of dajkrentiable 
transformations (3.3) satisfying the conditions (3.4). T, #, 77 are defined as the limits 
(3.5), (3.6). 
Then the functional G(U, u, V, v, T, t, 0, ti, p, d, ?‘) = @ - A, where @, A 
are dejked by Eqs. (3.24), (3.25) zs an invariant of the system (3.7), (3.8). 
I f  the system is self-adjoint with respect to the product ( , ), then u(t) = v(t), 
Eqs. (3.7), (3.8) are identical, and the theorem reduces to the usual statement of 
Noether’s theorem for the system discussed in Section 1 of this paper. 
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We note that in that case the “mutual Lagrangian” A$s(t, u, (V = u), zi, 
(i’ = ti)) is twice the “usual” Lagrangian Z(t, u, ti). We perform an easy check 
on the meaning of this version of the theorem by considering the simplest case. 
Let T = 7 + E, p=O, and u=v, 7~1. Then&,=0 and @-const, 
Q r= 0, & = 0, i SE 0, and we compute L - ~~=, p&, .+ constant E constant. 
Hence L - & pizi, = H = constant. Here L denotes the “usual” Lagrangian, 
and H the Hamiltonian of the motion. 
EXAMPLE OF APPLICATION. We consider a system defined by the “mutual” 
Lagrangian density function 
where K~ , pi are constants. We introduce a new coordinate system 
xi = xi $ qt, 
yi = yi t q%t, 
T = t + t+(e), 
where ai , fli are constants satisfying the relation a2 + /3” = 1. 4 E Cl[O.l], 
$(O) = 0, f(O) = 1. w e compute the quantities A and 0, which satisfy the 
relations (3.26) and (3.27). In particular 
We substitute 
obtaining 
Ti = a$, #i = Bit, 
T  = t#(O) = t, i- 1, 
Pii= mji- Piji) pzd = m*i + /-k&i 9 
A = Bt + t [j,(m - cL() (ait - *.i) + ki(m + pi) (Pit - j,)]. 
i=l 
@= t a9 
f[ 0 
t at + i 
i=l 
%t g + Bit E t P,,cQ + p$, 
I ayi 
= 5 + i (KiOliYit - K&&it - CQ(?fZ - /-hi) $i 
i=l i=l 
+ &(m + pi) 3fi) + 91 dt + constant. 
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((1 - @) is a constant of motion along an arbitrary pair of trajectories of the 
physical and un-physical motions described by the equations: 
$ (m3i.i) + pi3i.i + KiXi = f, 
$ (m.34 - piji + KiYi = 0, 
with zero initial conditions assigned to xi(t), and zero final conditions assigned 
to YiW 
4. A GROUP OFTRANSFORMATIONS WHICH LEAVES“THE MUTUAL LAGRANGIAN" 
5X1.2 INVARIANT 
We write out in full the condition for invariance of the Lagrangian gI,a = 2’. 
The full equation cf, - A = 0 is represented by the limit: 
~T+(~,~)+(~.~)+(p,,i)+(p,,rl)-!p,ri,;:) 
(4.1) 
- w, +> - $ (24 + g {(PI 9 (‘I - w> + <p, , (II, - ~W} = 0. 
We could regard ti, d as arbitrary functions, and represent p, , pa in terms of 
u, li, V, 8. Eq. (4.1) is then regarded as a partial differential equation of first order 
in 7, Z/J and 7, which must be satisfied for arbitrary choices of ti, d. The usual 
technique consists of equating to zero different powers of u. Since we deal with 
variables ?I and v simultaneously, the temptation to regard both ti and ti as 
independent variables, copying the usual procedure, must be resisted. ti can be 
regarded as independent of u, and d as independent of v, but u and v must be 
adjoints of each other in the topology assigned to the problem, and zi and d 
cannot be regarded as independent of each other. 
EXAMPLE. Consider the Emden equation with a dissipative term given by 
the Lagrangian 
The one-parameter family of transformations is given by 
T = t + n(t, u, v), 
u = u + q(t, uv), 
v = v + qb(t, 24, v). 
409/75,'1-18 
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We have: 
a9 _ = t[titi - (uv)" + tiv], 
at 
a64 -= 
au - ; (3t+J)2 v + t%), 
a9 
_ = + (-3P(UV)2 u + t%), av 
p, = g = + (t% + Pv), 
p, = g = +- (t% - PU). 
The invariance relation for 23’ is given by 
which becomes: 
tpti - (uv)” + ziv] T - $(3P(UV)2 v + Pd) ?j + $r(t% + Pv) l (7j - tii) 
+ +(-3tyUvy u + t%i) + $@zi - PU) (4 - ei;> 
++t2[(pq)+g =o. 
Replacing 
i by 
7i bY g+++gti, 
1cI bY 
we obtain the following equation: 
[ 
3 1 a7 2 1 a* ~29 a7 -t(UV)37--t2U2213+-t22)---t2U3v2--t2U--t2-- 
2 2 at 2 2 at 6 at 1 
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after cancellation of some terms. We can regard the collections (u, o}, {ti, i’) 
{ti2, ziti, ti2>, etc., as independent of each other in the following sense u and v 
depend on each other, but u can be chosen independently of ti, d, zi2, ei2, etc. 
Hence, equating separately to zero the terms which contain u, v only, then the 
terms which contain zi, d, but not zi2, d2, rid, and so on, we derive a set of partial 
differential equations in ~,q, #. The highest powers of ri, d in the second bracket 
occur in the term 
( 
- ; t2ti2v + -2- t uv 1 2..2)%+ (-+++)g. 
Equating such terms to zero provides one of the equations of our system. Other 
equations are derived in a similar manner. There is no point in reproducing them 
here, except possibly to compare them with the known invariants of the Emden 
equation. There is no reason why h/au and a~/% should vanish separately 
along the trajectory of the system. Hence the well-known first integral of the 
Emden equation is no longer valid for this case. 
5. AN EXAMPLE FROM CONTINUUM MECHANICS 
Let us assume Hooke’s law and the simplest form of dissipation of the dashpot 
type (the Voigt-Maxwell model), so that 
0ij.j = pii + /ai (5.1) 
are the equations of motion, which represent Newton’s second law. Hooke’s 
law is given by the stress-strain relation 
where Eij = ~(Ui,j + Uj,i). 
In the absence of the dissipative term, the Lagrangian would be a simple dif- 
ference of the kinetic and potential energy 
9 = &((pZi, Ii) - (CijJ&ijkEh)). (5.2) 
Introducing a vector field which is invariant under infinitesimal invariance of 3’ 
leads directly to the class of conservation laws derived by different techniques by 
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Knowles and Sternberg [2.5]. The presence of a dissipative term does not 
permit the’ use of the classical version of Noether’s theorem. 
Introducing the adjoint variable V, we consider the Lagrangian 
which will be called the dual elastic Lagrangian. Let x denote the usual Cartesian 
coordinates. We define a family of - - 
(4 % u(x, $4x, t)> - 6-T 5, u*(& 4, v*c$, .T), 4 
of class P(P), satisfying Noether’s condition at E = o i.e., t(c 
T(e = 0), x(, = 0) = ((6 = 0), etc., with the invariance condition 
THEOREM. Let u, v  be vector jields, such that 
satisjes the Euler-Lagrange condition 
a-% 2 a-%.2 a 
au 
a azh 
ax au, 
--L--“-O, 
at au, 
a% 2 a a2 ~--1,8--A=. 
av ax av, 
aaa o 
at av, 
= 
(5.4) 
0) = 
(5.5) 
(5.6a) 
(5.6b) 
Then the dual elastic Lagrangian ZI,, is invariant under a class of C2 transforma- 
tions (5.4) if and only ;f  it satisfies the generalized Noether conditions (5.7), (5.3) 
given below. 
Note. The derivatives in formulas (5.6a), (5.6b) are taken in the FrCchet 
sense. 
The invariance of the dual Lagrangian 9r,, functional is given in terms of the 
following equations for the Lagrangian density function L 
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where 
(5.8) 
The proof is identical to the one given earlier except for technical details. 
Obviously, integrating the expression over any region 
IQ x PA w, Sz C R3, or over 3.Q X [0, T] (5.9) 
still preserves the infinitesimal invariance of the transformation (5.4). Elimi- 
nating time dependence of the functions U, v, setting ~1 = 0, hence writing 
u == v, u* = v*, we obtain the exact results of Knowles and Sternberg. 
6. OTHER POSSIBLE APPROACHES 
Noether’s theorem basically implies that for each group of infinitesimal 
transformations which leaves the action integral or the generalized Lagrangian 
integral invariant there exists a conserved functional, that is, a functional which 
is invariant along any trajectory of motion (see [S]). The approach of this paper 
replaces the classical action integral by a “dual” Lagrangian integral, basically 
preserving Noether’s approach. The question arises what other quantities can 
be substituted for the action integral to produce either variational principles 
or conserved quantities in the manner of Noether’s theorem. In a recent article 
[27] Vujanovid points out that taking d’Alambert’s principle in the form of the 
principle of virtual work leads in the manner of Noether’s theorem to the 
formation of conserved quantities of a dynamical system. In fact, taking the 
virtual work formula in the form 
Vujanovic establishes the “gauge” formula 
A-&=0, 
where 
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and 
d’, = AL + L(At). + Qi(Aqi - &At) - EP, 
where P is the gauge function. The novelty consists in permitting the generalized 
force ,O, , which may not be derivable from a potential, to enter the Noether’s 
formulation. 
The corresponding partial differential equations which define conservation 
laws turn out to be Killing’s equations. Observing that the principle of virtual 
work really represents to the total work of a dynamical system, it appears that 
one can safely copy the arguments of VujanoviC by considering abstract energy 
forms which generalize the principle of virtual work in various problems of 
continuum mechanics. In this respect the energy principles using the internal 
variables approach as recently developed by Valanis and Komkov in [28] for 
thermodynamics of continua seem to offer a promising starting point. 
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